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Abstract
Let p be a prime lager than 3. Let k be a number field, which
does not contain the subfield of Q(ζp2) of degree p over Q. Suppose
that E is an elliptic curve defined over k. We prove that the existence
of a counterexample to the local-global divisibility by p2 in E , assures
the existence of a k-rational point of exact order p in E . Using the
Merel Theorem, we then shrunk the known set of primes for which
there could be a counterexample to the local-global divisibility by p2.
1 Introduction
Let k be a number field and let A be a commutative algebraic group defined
over k. Consider the following question:
PROBLEM: Let P ∈ A(k). Assume that for all but finitely many valuations
v ∈ k, there exists Dv ∈ A(kv) such that P = qDv, where q is a positive
integer. Is it possible to conclude that there exists D ∈ A(k) such that
P = qD?
This problem is known as Local-Global Divisibility Problem. By Be´zout’s
identity, to get answers for a general integer q it is sufficient to solve it for
q = pn, with p a prime. In the classical case of A = Gm, the answer is
positive for q odd, and negative for instance for q = 8 (and P = 16) (see
for example [1], [16]).
1
Introduction 2
During the last few years R. Dvornicich and U. Zannier [2] have given
some general vanishing cohomological conditions, sufficient for a positive
answer to the question; this led to a number of examples and counterexam-
ples to the local-global principle when A is an elliptic curve or a torus of
higher dimension (for tori see also [6] for further examples).
We are particularly interested in the case of an elliptic curve E . Dvorni-
cich and Zannier [2] prove that the local-global principle holds on E for any
prime (see also [17]). Moreover, if E does not admit a k-rational isogeny of
degree p, then they give an affirmative answer when q = pn, for all n ∈ N
(see [4]). By J.-P. Serre [14], such an isogeny exists only for p < Cserre(k, E),
with Cserre(k, E) a constant depending on k and E . For E defined over
Q, B. Mazur [7] proved that a rational isogeny of degree p exists only for
p ∈ S = {2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, 163}. Thus, by the mentioned
results of Dvornicich and Zannier, in elliptic curves, the local-global divis-
ibility by pn holds for all n ∈ N and p > C(k, E); in elliptic curves over Q
it sufficies p /∈ S. An open question is if S is minimal for the local-global
question. Only for 2n and 3n, for all n ≥ 2, there are counterexamples,
some explicit (see [3], [11], [12] and [13]).
In [4] page 30, Dvornicich and Zannier stated the following question:
“On the other hand, we do not know whether one may take C(k, E) indepen-
dently of the curve E . An analogue of the quoted result of Mazur would be
helpful. However, to our knowledge, even the deep result of Merel [9] do not
cover the general case of rational cyclic groups, but only the case of rational
points”.
In this paper we prove such independence for local-global divisibility
by p2. We show that a counterexample to the local-global problem for p2
implies the existence of a k-rational point of exact order p, and not only of
a k-isogeny of degree p. As a consequence, we show that the set S is not
minimal.
Theorem 1. Let p > 3 be a prime and ζp2 a primitive p
2th root of unity.
Let E be an elliptic curve defined over a number field k, which does not
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contain the subfield of Q(ζp2) of degree p over Q. Suppose that E does not
admit any k-rational torsion point of exact order p. Then, if P ∈ E(k) is
a point, which is locally divisible by p2 in E(kv) for all but finitely many
valuations v, P is divisible by p2 in E(k).
Then the quoted result of L. Merel in general, the famous effective
Mazur’s theorem [8] for Q and the theorem of S. Kamienny [5] for quadratic
number fields, produce positive and respectively effective answer to the ques-
tion of Dvornicich and Zannier for divisibility by p2. In particular, when we
consider the local-global divisibility by p2 in elliptic curves defined over Q,
the set S is not minimal and it can be shrunk to S˜ = {2, 3, 5, 7}.
Corollary 2. Let E be an elliptic curve defined over any number field k.
Then, there exists a constant C(k), depending only on k, such that, for every
prime number p > C(k), if P ∈ E(k) is a point, which is locally divisible by
p2 in E(kv) for all but finitely many valuations v, then P is divisible by p
2 in
E(k). In particular, C(Q) = 7 and for a quadratic number field C(k) = 13.
Proof. By [9], for every number field k, there exists a constant Cmerel(k)
depending only on k, such that, for every prime p > Cmerel(k), no elliptic
curve defined over k has a k-rational torsion point of exact order p. Let p0
be the largest prime such that k contains the subfield of Q(ζp2
0
) with degree
p0 over Q. Observe that p0 ≤ [k : Q]. Set
C(k) = max{3, p0, Cmerel(k)}.
Then, apply Theorem 1.
By [8], no elliptic curve defined over Q has a rational point of exact
prime order larger than 7. By [5], no elliptic curve defined over a quadratic
number field k has a k-rational point of exact prime order larger than 13.

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In order to prove Theorem 1, we use several of the results of Dvornicich
and Zannier and some of the classical results of Serre (see Section 2). The
existence of a counterexample produces a k-isogeny of degree p, which in
turn gives one unique or two distinct Gal(k(E [p])/k)-submodules of E [p].
The resulting simplicity of the group Gal(k(E [p])/k) makes it possible to
generate a k-torsion point of exact order p. The proof of this main result is
presented in Section 3.
Acknowledgments. We would like to kindly thank A. Bandini and F. Gillib-
ert for their remarks and helpful discussions. The second and third author
thank the FNS for financial support. We are grateful to the University of
Basel and to the University of Calabria for the hospitality.
2 Preliminary results
Let k be a number field and let E be an elliptic curve defined over k. Let
p be a prime not 2 or 3. For every positive integer n, we denote by E [pn]
the pn-torsion subgroup of E and by Kn = k(E [p
n]) the number field ob-
tained by adding to k the coordinates of the pn-torsion points of E . Let
Gn = Gal(Kn/k). As usual, we shall view E [p
n] as Z/pnZ × Z/pnZ and
consequently we shall represent Gn as a subgroup of GL2(Z/p
nZ), denoted
by the same symbol. By Silverman [15, Chapter III, Corollary 8.1.1], the
field Kn contains a primitive p
nth root of unity ζpn. The basic properties
of the Weil pairing [15, III.8] entail that the action of Gn on ζp is given by
g(ζp) = ζ
det g
p for g ∈ Gn.
As mentioned, the answer to the Local-Global Divisibility Problem when
q = pn is strictly connected to the vanishing condition of the cohomological
group H1(Gn, E [p
n]) and of the local cohomological group H1loc(Gn, E [p
n]).
Let us recall some definitions and results for E .
Definition[Dvornicich, Zannier [2]] Let Σ be a group and let M be a Σ-
module. We say that a cocycle [c] = [{Zσ}] ∈ H
1(Σ,M) satisfies the local
conditions if there exists Wσ ∈M such that Zσ = (σ− 1)Wσ, for all σ ∈ Σ.
We denote by H1loc(Σ,M) the subgroup of H
1(Σ,M) formed by such cocycles.
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Equivalently, H1loc(Σ,M) is the intersection of the kernels of the restriction
maps H1(Σ,M)→ H1(C,M) as C varies over all cyclic subgroups of Σ.
Working with all valuations, instead of almost all, one would get the classical
definition of the Shafarevich group.
Theorem 3 (Dvornicich, Zannier [2]). Assume that H1loc(Gn, E [p
n]) = 0.
Let P ∈ E(k) be a point locally divisible by pn almost everywhere in the
completions kv of k. Then there exists a point D ∈ E(k), such that P = p
nD.
In [4] they prove that this theorem is not invertible. Moreover, an intrin-
sic version of their main theorem [4] (remark just after the main theorem
and the first few lines of its proof) gives:
Theorem 4. Suppose that E does not admit any k-rational isogeny of degree
p. Then H1(Gn, E [p
n]) = 0, for every n ∈ N.
The next lemma is essentially proved in the proof of the Theorem 4, in
[4] beginning of page 29.
Lemma 5. Suppose that there exists a nontrivial multiple of the identity
τ ∈ G1. Then H
1(Gn, E [p
n]) = 0, for every n ∈ N.
Another remark along their proof, concerns the group GD = G1 ∩D, where
D is the subgroup of diagonal matrices of GL2(Fp).
Corollary 6. Suppose that GD is not cyclic. Then H
1(Gn, E [p
n]) = 0, for
every n ∈ N.
Proof. Since GD is not cyclic and D ∼= Z/(p − 1)Z × Z/(p − 1)Z, then
GD contains all the diagonal matrices of order l, for l dividing p− 1. Apply
Lemma 5.

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We now describe G1, under the hypothesis H
1(G2, E [p
2]) 6= 0.
Lemma 7. Suppose that H1(G2, E [p
2]) 6= 0. Then:
(i) Either E [p] contains two distinct G1-modules of order p and G1 = 〈ρ〉
where ρ is a diagonal matrix, in a suitable Fp-basis of E [p].
(ii) Or E [p] contains a unique G1-module of order p and G1 = 〈ρ, σ〉 with
ρ a diagonal matrix and σ =
(
1 1
0 1
)
, in a suitable Fp-basis of E [p].
Furthermore, for k′ ⊆ K1 the field fixed by ρ, [k
′ : k] = p and k′/k is
Galois if and only if ρ is the identity.
Proof.
By Theorem 4, E admits a k-rational isogeny φ of degree p. Since ker(φ)
is a G1-module, then E [p] contains either one unique or two distinct G1-
submodules of order p.
Part (i)
Let C1 =< P1 > and C2 =< P2 > be the two distinct cyclic G1-
submodules of order p. Then, for every τ ∈ G1, there exist λτ , µτ such
that
τ(P1) = λτP1, τ(P2) = µτP2.
Hence, in the basis {P1, P2}, G1 is contained in the group of diagonal ma-
trices of GL2(Z/pZ). By Corollary 6, G1 is cyclic.
Part (ii)
Let P1 be a generator of the unique G1-module C of order p. Then for
every τ ∈ G1, there exists λτ ∈ Fp such that P
τ
1 = λτP1. Thus, for any
basis {P1, P2}, every element of G1 is an upper triangular matrix.
We first show that σ ∈ G1. Since C is unique, G1 is not contained in the
group D of the diagonal matrices. Therefore, there exists
γ =
(
a b
0 d
)
in G1, with a, b, d ∈ Fp and b 6= 0.
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If a = d, then
γp−1 =
(
1 (p− 1)ap−2b
0 1
)
,
which implies that σ ∈ 〈γ〉.
If a 6= d, then γ is diagonalizable. In a basis of eigenvectors {P1, P
′
2}
γ =
(
a 0
0 d
)
.
Since G1 6⊆ D, there exists δ ∈ G1 such that, in the basis of eigenvectors
{P1, P
′
2},
δ =
(
a′ b′
0 d′
)
,
where a′, b′, d′ are in Fp and b
′ is non-zero. A simple computation shows
that
δγδ−1γ−1 =
(
1 (d− a)b′/dd′
0 1
)
.
Since b′ 6= 0 and a 6= d, we get σ ∈ 〈δγδ−1γ−1〉. So we have proved that
σ ∈ G1. Now we look for ρ. Recall that GD = G1 ∩ D. By Corollary 6,
GD = 〈ρ〉 with ρ diagonal and of order dividing p− 1. Let
σ1 =
(
x y
0 z
)
∈ G1.
Observe that
σ2 =
(
1 −y/x
0 1
)
∈ 〈σ〉
and
σ1σ2 =
(
x 0
0 z
)
.
Then, every right coset of GD in G1, contains an element of 〈σ〉. Moreover
by a simple verification, such an element is unique. Then
|G1|/|GD| = |〈σ〉| = p. (2.1)
Since σ has order p and ρ has order |GD| coprime to p, then ρ and σ generate
G1, which has order p|GD| .
By definition k′ is fixed by GD = 〈ρ〉, thus relation (2.1) gives [k
′ : k] = p.
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By Lemma 5 either ρ is the identity or ρ 6= λI, with λ ∈ F∗p. If ρ is the
identity, we have K1 = k
′ and k′/k is Galois. If ρ is not a scalar multiple of
the identity, it is an easy computation to verify that σρσ−1 is not diagonal.
Thus GD is not normal in G1. Then, by Galois correspondence, k
′ is not
Galois over k.

Let H = Gal(K2/K1). Then H fixes E [p] and τ ∈ H is congruent to the
identity modulo p. Hence H is contained in the subgroup of GL2(Z/p
2Z),
given by the elements (
1 0
0 1
)
+ p
(
a b
c d
)
,
where a, b, c, d ∈ Z/pZ. Such a subgroup is a Fp-vector space of dimension
4. Then H is a Fp-vector space of dimension ≤ 4.
In [2, Proposition 3.2] and [2, Proposition 2.5] it is shown that what
really matters for the triviality of the first cohomological group is the p-
Sylow. Since the structure of our group G1 is particularly simple, we can
apply their propositions to deduce:
Lemma 8. If dimFp(H) 6= 2, then H
1
loc(G2, E [p
2]) = 0.
Proof. Assume that H1loc(G2, E [p
2]) 6= 0, then H1(G2, E [p
2]) 6= 0. By
Lemma 7, either G1 ∼= G2/H is generated by a diagonal matrix, or G1 is
generated by a diagonal matrix and
σ =
(
1 1
0 1
)
.
In both cases H is contained in the p-Sylow Hp of G2 (which is H in the first
case, and it is generated by H and any extension of σ to K2 in the second
case). Then H is the intersection ofHp and the kernel of the reduction mod-
ulo p from GL2(Z/p
2Z) to GL2(Z/pZ). In [2, Proposition 3.2], it is proven
that: if p 6= 2, 3 and dim(H) 6= 2, then H1loc(Hp, (Z/p
2Z)2) = 0. Identifying
E [p2] with (Z/p2Z)2 we have H1loc(Hp, E [p
2]) = 0. In [2, Proposition 2.5], it
is shown that the triviality of the local cohomology group on the p-Sylow
implies H1loc(G2, E [p
2]) = 0. This shows our lemma.
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
3 Local-global divisibility by p2
In this section we prove the central propositions of our work, these are the
heart of the proof of the main theorem, presented at the end of the section.
First of all, we recall a well known result that we shall use in the following.
Lemma 9. Let ∆ be a cyclic group and letM be a ∆-module. Set N∆ : M →
M the homomorphism that sends m ∈ M into
∑|∆|−1
i=0 δ
im, where δ is a
generator of ∆. Let
Im(δ − 1) = {m ∈M | ∃ m′ ∈M such that m = δ(m′)−m′}.
Then H1(∆,M) ∼= ker(N∆)/Im(δ − 1).
Proof. See [10, Chapter II, Example 1.20].

Proposition 10 (The cyclic case). Suppose that k does not contain the
subfield L of Q(ζp2) such that [L : Q] = p. Suppose that H
1
loc(G2, E [p
2]) 6= 0
and that G1 is cyclic. Then K1 = k(ζp), and there exists a k-rational point
of E of exact order p.
Proof. Recall that G1 has order d dividing p − 1. Consider the group
Gal(K1(ζp2)/k). Since k does not contain L, then kL/k is a cyclic extension
of degree p. Moreover kL ∩ K1 = k, because [kL : k] and [K1 : k] are
coprime. Finally K1(ζp2) = K1L, because ζp ∈ K1. Then, by elementary
Galois theory, we have that
Gal(K1(ζp2)/k) ∼= Gal(kL/k)×Gal(K1/k) ∼= Z/pZ×Z/dZ ∼= Z/pdZ (3.1)
is a cyclic group. Recall that H = Gal(K2/K1). By Lemma 8, |H| = p
2. In
addition, we know that ζp2 ∈ K2. Then K2/K1(ζp2) is a cyclic extension of
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degree p. Let γ be a generator of Gal(K2/K1(ζp2)). We obtain the following
inflation-restriction sequence:
0→ H1(Gal(K1(ζp2)/k), E [p
2]〈γ〉)→ H1(G2, E [p
2])→ H1(〈γ〉, E [p2]).
(3.2)
But H1loc(G2, E [p
2]) is the intersection of the kernels of the restriction maps
H1(G2, E [p
2]) → H1(C ′, E [p2]), as C ′ varies over all cyclic subgroups of G2
(see Definition 2). Since H1loc(G2, E [p
2]) 6= 0,
H1(Gal(K1(ζp2)/k), E [p
2]〈γ〉) 6= 0. (3.3)
We shall show that one of the points in the set {P1, P2} is k-rational. By
relation (3.1), the group Gal(K1(ζp2)/k) is cyclic. Let δ be its generator
and denote by δ its restriction to K1. Then
δ =
(
λ1 0
0 λ2
)
(3.4)
generates G1 by (3.1). We are going to show that either λ1 = 1 or λ2 =
1. Then either P1 or P2 is k-rational of exact order p. Suppose λ1 6= 1
and λ2 6= 1. We shall contradict relation (3.3). To this end, we compute
H1(Gal(K1(ζp2)/k), E [p
2]〈γ〉). Since Gal(K1(ζp2)/k) is cyclic and generated
by δ, then Lemma 9 gives
H1(Gal(K1(ζp2)/k), E [p
2]〈γ〉) ∼= ker(NGal(K1(ζp2 )/k))/Im(δ − 1). (3.5)
We first show that
Im(δ − 1) = E [p2]〈γ〉. (3.6)
Let δ˜ be an extension of δ to K2. Then, by (3.4), there exist µ1, µ2, µ3, µ4 ∈
Fp such that
δ˜ =
(
λ1 0
0 λ2
)
+ p
(
µ1 µ2
µ3 µ4
)
.
Since λ1 6≡ 1 mod (p) and λ2 6≡ 1 mod (p), δ˜ − I is invertible. Thus
δ˜ − I : E [p2]→ E [p2]
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is an isomorphism. Since, δ is a restriction of δ˜ to K1(ζp2), then
δ − I : E [p2]〈γ〉 → E [p2]〈γ〉
is an isomorphism. In particular, δ − I is surjective, which gives rela-
tion (3.6). By (3.5), we conclude
H1(Gal(K1(ζp2)/k), E [p
2]〈γ〉) = 0,
contradicting relation (3.3).
Finally, the elements of G1 which fix ζp are diagonal and have determi-
nant 1. In addition, we just proved that every element of G1 fixes P1 or P2.
But only the identity has these three properties, thus k(ζp) = K1.

Proposition 11 (The non-cyclic case). Suppose that k does not contain the
subfield L of Q(ζp2) such that [L : Q] = p. Suppose that H
1
loc(G2, E [p
2]) 6= 0
and that G1 is not cyclic. Then, there exists a k-rational point of E of exact
order p. Moreover K1 = k
′(ζp), where k
′ is the subfield of K1 defined in
Lemma 7(ii).
Proof. By Lemma 7(ii), there exists a Fp-basis {P1, P2} of E [p] such that
G1 is generated by
ρ =
(
λ1 0
0 λ2
)
and σ =
(
1 1
0 1
)
.
We shall prove that P1 is defined over k, or equivalently that λ1 = 1.
Suppose λ1 6= 1, then in particular ρ is not the identity and its order d is
greater than 1. Recall that d divides p− 1, while the oder of σ is p. Then
[K1 : k] = dp.
Consider the field F ⊆ K1 fixed by 〈σ〉. The point P1 is fixed by σ
and therefore it is defined over F . An easy computation shows that 〈σ〉 is
normal in G1. Then, the field F is normal over k. In addition Gal(F/k) is
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cyclic, because it is generated by a restriction of ρ to F . Since d and p are
coprime, the restriction of ρ to F has still order d. Hence
Gal(F/k) = 〈ρ〉 ∼= Z/dZ and 1 6= d divides p− 1. (3.7)
Consider F (ζp2)/k. Since k does not contain L, [kL : k] = p. By
relation (3.7), [F : k] = d, prime to p. Therefore [FL : k] = dp. As σ has
determinant 1, then ζp ∈ F . Hence FL = F (ζp2). The extensions F/k and
kL/k are Galois and k-linearly disjoint. Hence
Gal(F (ζp2)/k) ∼= Gal(kL/k)×Gal(F/k) ∼= Z/pdZ = 〈δ〉. (3.8)
Let δ be the restriction of δ to F . Since δ generates Gal(F (ζp2)/k), then
δ generates Gal(F/k). Then δ = ρt, with t prime to d. Thus
δ(P1) = δ(P1) = λP1, with 1 6= λ = λ
t
1 ∈ F
∗
p. (3.9)
We shall show that the hypothesis λ 6= 1 implies that a cohomological
group is both trivial and nontrivial, which is absurd.
Consider the group H ′ = Gal(K2/F (ζp2)). By relation (3.8)
[F (ζp2) : k] = dp = [K1 : k].
Therefore |H ′| = |H|, with H = Gal(K2/K1) of cardinality p
2, by Lemma 8.
Hence |H ′| = p2 andH ′ is a p-group. In additionH ′ is normal inG2, because
F (ζp2)/k is a Galois extension.
Consider the following inflaction-restriction sequence:
0→ H1(Gal(F (ζp2)/k), E [p
2]H
′
)→ H1(G2, E [p
2])→ H1(H ′, E [p2]).
We first show thatH1loc(H
′, E [p2]) = 0. Let pi : GL2(Z/p
2Z)→ GL2(Z/pZ)
be the reduction modulo p. Then ker(pi)∩H ′ = H ∩H ′ is a Fp-vector space
and its dimension is 1. Indeed H ∩H ′ = Gal(K2/K1(ζp2)), which is a cyclic
group of order p. Thus, the intersection between the p-Sylow subgroup ofH ′
(which is H ′ itself) and ker(pi), has dimension 1 over Fp. By [2, Proposition
3.2], we have
H1loc(H
′, E [p2]) = 0.
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We remark that the restriction H1(G2, E [p
2]) → H1(H ′, E [p2]) sends
H1loc(G2, E [p
2]) to H1loc(H
′, E [p2]). In fact, if a cocycle satisfies the local
conditions relative to G2, it satisfies them relative to any of its subgroups
(see Definition 2). By hypothesis H1loc(G2, E [p
2]) 6= 0 and we just proved
that H1loc(H
′, E [p2]) = 0. Then, by the exact sequence,
H1(Gal(F (ζp2)/k), E [p
2]H
′
) 6= 0. (3.10)
On the other hand, by Lemma 9,
H1(Gal(F (ζp2)/k), E [p
2]H
′
) ∼= ker(NGal(F (ζ
p2
)/k))/Im(δ − 1).
We are going to show that
Im(δ − 1) = E [p2]H
′
.
This implies
H1(Gal(F (ζp2)/k), E [p
2]H
′
) = 0
and contradicts (3.10). The group H ′ fixes the field F (ζp2). So P1 ∈ E [p
2]H
′
,
because P1 is defined over F . On the other hand F (ζp2) does not contain
K1, indeed Gal(F (ζp2)/k) is cyclic of order dp and G1 has the same order,
but G1 is not cyclic because d > 1. Therefore E [p
2]H
′
does not contain E [p]
and either E [p2]H
′
= 〈P1〉, or E [p
2]H
′
= 〈Q1〉, where pQ1 = P1. In any case
E [p2]H
′
= 〈aQ1〉, with a a non-zero element of Z/p
2Z. By (3.9), there exists
µ ∈ Fp such that
δ − I(aQ1) = (λ+ pµ− 1)aQ1.
Since λ 6≡ 1 mod (p), then (λ+ pµ− 1)aQ1 generates E [p
2]H
′
. Therefore
δ − I : E [p2]H
′
→ E [p2]H
′
is surjective and Im(δ − 1) = E [p2]H
′
, as desired.
In conclusion ρ =
(
1 0
0 λ2
)
. Let us show that K1 = k
′(ζp), with k
′ the field
fixed by ρ. If λ2 = 1, then K1 = k
′, but ζp ∈ K1. If λ2 6= 1, then ζp 6∈ k
′,
indeed only elements of determinant 1 fix ζp. Thus K1 ⊃ k
′(ζp). In addition
the two extensions have the same degree, so they are equal.

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Proof of Theorem 1. By Propositions 10 and 11, we have that if E
does not have any k-rational point of order p, then H1loc(G2, E [p
2]) = 0. By
Theorem 3, if H1loc(G2, E [p
2]) = 0, then every point P ∈ E(k), which is
locally divisible by p2 in E(kv) for all but finitely many primes v, is divisible
by p2 in E(k).

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